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Abstract. In this paper, we considered the problem of optimally controlling a two-
dimensional dynamical system until it reaches either of two boundaries. We consider a
controlled dynamical system (X(t),Y(t)) which is a generalization of the classic two-
dimensional Kermack-McKendrick model for the spread of epidemics. Moreover, the system is
subject to random jumps of fixed size according to a Poisson process. The system is controlled
until the sum X(t) + Y (t) is equal to either O or d (> O) for the first time. Particular problems are
solved explicitly.
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1. Introduction

Let X(t) denote the number (or percentage) of individuals in a certain population
who are susceptible to a virus, and let Y(t) be the number (or percentage) of infected
carriers. The two-dimensional model proposed by Kermack and McKendrick [1] for the spread of
epidemics is the following:

X() = —k X(O)Y (1), 1)
Y(6) =k XY (0) — koY (), 2)

where k; and k, are positive constants. There is also a three-dimensional version of the
model in which the variable Z(t) represents the number (or percentage) of individuals who
are either recovered or removed from the population and is such that

Z(t) = kY (0), (3)

This type of model is known as a SIR model in epidemiology, for Susceptible,
Infected and Recovered (or Removed). Depending on the application, an individual can be
removed from the population because he/she is cured and immune, or is dead.

In this paper, we first generalize the system (1), (2) and we introduce a control
variable:

X(t) = —k XY (), (4)
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Y (t) = kXY (@) + fIX(©), Y (O] + b[X (1), Y ()]u(t). (5)
Then, we assume that there are random jumps of fixed size € (> 0) that occur according to a
Poisson process N (t) with rate A, so that Eq. (5) becomes

Y (t) = kXY () + fIX (), Y ()] + b[X (), Y ()]u(t) + eN(2). (6)
Let T(x,y) be the random variable defined by
T(x,y) =inf{t > 0: X(t) +Y(t) =0ord | X(0) =x,Y(0) =y}, (7)

where 0 < x + y < d. We are looking for the control u(t) that minimizes the expected value
of the cost function

J@y) = [ 2qX(©),Y(OIA() dt + K[X(T), Y(T)], (8)
in which q[X(t),Y(t)] is a positive function and we choose the following final cost:

K ifX(T)+Y(T) =0,

KX, YD) = {Kz ifX(T) +Y(T) =d, ©)
where 0 < K; < K,. Therefore, the optimizer wants to end the epidemic as soon as possible,
while taking the quadratic control costs into account. If the sum X(T) + Y(T) reaches the
value d, it is too expensive to bring the sum to zero by using the control variable u(t).

The problem set up above is known as an LQG homing problem; see Whittle [2] and
[3]. However, here we assume that there are random jumps instead of a Gaussian white
noise; see Lefebvre [4]. There could be both a Gaussian white noise and jumps according to
a Poisson process, so that Y(t) would be a controlled jump-diffusion process. This type of
problem was considered by Lefebvre [5] and by Lefebvre and Moutassim [6].

To solve our problem, we will make use of dynamic programming. In the next
section, we will derive the equation satisfied by the value function F(x, y), which is defined
as follows:

F(x,y) = infy)ostr E[J(x,y)]. (10)

Then, in Section 3, particular problems will be considered and solved explicitly. Finally, we
will end this paper with some concluding remarks.

2. Dynamic programming
With the help of Bellman’s principle of optimality, we can write that

FGoy) = infupomesac E{Jy" 3a1X(@©,Y@IU2(0) de + F(X(a0), Y(aD)},  (11)

where
F(X(At), Y(At)) = F(x — kyxyAt,y + [kixy + f + bu(0)]At + EN(At)) +o(At) (12)

We have

[ 2qlX (), Y(OIu?() dt = 3q(x,y) u?(0)At + o(AL) (13)

0

and, from Taylor’s formula,
F(x — kyxyAt,y + [kyxy + f + bu(0)]At + eN(At))

= F(x,y) — kyxyAtE (x,y) + {[kyxy + f + bu(0)]At+eN (At)}F, (x, y) + o(At) 14

Moreover, for a Poisson process, we can write that
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P[N(At) = 0] = et =1 — AAt + o(At) (15)

And
P[N(At) = 1] = AAte 2t = AAt + o(At). (16)

It follows that
: 1
0 = infy ) 0<r<at {At [E qu® — kyxyF, + [k,xy + f + bulF,

+ A[F(x,y +€) — F(x, y)]] + o(At)} 17)
where all the functions are evaluated at t = 0. Dividing each side of Eq. (17) by At, and
letting At decrease to zero, we obtain the dynamic programming equation
0= igf{% qu® — kyxyF, + (kyxy + f + bwE, + A[F(x,y +€) — F(x, y)]} : (18)
Hence, the optimal control u” can be expressed in terms of the value function as follows:

ut = —ng. (19)

Therefore, to obtain the optimal control, we must solve the non-linear partial differential-
difference equation

-— F) —kyxyE, + (kyxy + )E, + A[F(x,y + €) —F(x,y)] = 0. (20)
This equation is valid for 0 < x + y < d. Moreover, we have the boundary conditions
F(x,y)=K;ifx+y=0 and F(x,y) =K, ifx+y=d. (21)

Based on the above conditions, to solve Eq. (20) we will look for solutions of the
form

F(x,y) = Hw), (22)

where w := x + y. This a particular case of the method of similarity solutions, and w is called
the similarity variable. For the method to apply, we must be able to express Eq. (20) in terms
of w, as well as the boundary conditions in Eqg. (21). These conditions become

Furthermore, we have
62
F(x,y+e)—F(x,y) = €F, + —Fy + o(€?). (24)

Therefore, if € is small we can write that
2
_r F) — kyxyF, + (kyxy + f)F, + 1 (eF, + SEy) =0. (25)

This equation reduces to the ordinary differential equation

b? N2 ’ 1] €2 nmy ~
— - (H") +fH+/1(eH+?H):0. (26)

We can now state the following proposition.

Proposition 1. If the ratio h?/q and the function f can be expressed in terms of the
similarity variable w, and if the jump size € is small, then the optimal control u* can be
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obtained (approximately) from the solution of Eq. (26), subject to the boundary conditions
in Eq. (23).
In the next section, particular problems will be considered and solved explicitly.

3. Particular problems
Assume that the ratio b?/q is a constant:

b? _
First, we consider the case when f(x,y) = y. Let y + 1¢ = a, and Ae2/2 = B. Then, we must
solve the second-order non-linear ordinary differential equation

—k(H")? 4+ aH' + BH" =0. (28)
Notice that this equation is a Riccati equation for G(w) := H’(w). The solution of Eq. (28)
that satisfies the boundary conditions in Eq. (23) is
exp( )cK2+aw)_eXp( KKl;aw)+eXp( KKI;ad)—exp( xlﬁ(z)

B
e () | @)

H(w) = _éln

From this solution, we can compute at once the optimal control given in Eqg. (19) for any
choice of the functions b and q such that Eq. (27) is satisfied.

To illustrate the results that we obtained, let us consider the particular case when «
=2,y=-1,A=10,d =2, K1 =1 and K; = 2. The function H(w) is shown in Figure 1 for
various values of the parameter €. The corresponding optimal controls (in terms of w) in the
case when b =2 and g =1 (so that k = 2, as required), are given by u* = —2H’(w).

0 05 1 15 2

W

Figure 1. Function H(w) when f = —1 and (from left to right) € = 0.5, 0.25 and 0.2.

When we substitute the approximate solution H(w) into Eg. (20), we obtain the
curves presented in Figure 2. We see that when € = 0.25 (the dashed curve), the error (that
is, the difference between zero and the value of the equation for w in the interval [0, 2]) is
already quite small. With € = 0.2 (the solid curve), the error is almost equal to zero, except
near w = 1.5. Notice that our approximate solution should only be used when w + € < 2.
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Figure 2. Error obtained with H(w) when f = —1 and € = 0.5, 0.25 and 0.2.

In the second particular case that we consider, we assume now that f(x,y) = y(x +
y) and that Eq. (27) still holds. According to Proposition 1, we can again make use of the
method of similarity solutions to solve our problem. With the same values for the various
parameters that were used above, we must now solve the differential equation

—~2 (H')? —wH' + 10 (eH' + EZ—ZH) ~0. (30)

We can obtain the general solution of this equation. It is expressed in terms of the error
function erf:

4 2
e 5€2(erf(ivV10)—Ey)+e 5€2(Ey—E,)

_ 5e?
Hw) = —=—In T (V0) E; : (31)
where
Ey = erf ((195) and B, = erf(VI25D) (32)

The solution that satisfies the boundary conditions H(0) =1 and H(2) = 2 is shown in
Figure 3, for e = 0.5, 0.25 and 0.2.
Finally, we present the error obtained when using the approximate solution H(w) in Figure
4. Again, we see that the error is very small when € =0.25 and 0.2.

Now, the cost function J(x, y) defined in Eq. (8) can be generalized as follows:

C(x,y) = Jy 391X (©), Y(ORP(©) + 6} de + K[X(T), Y (T)], (33)

where 6 is a real parameter. When @ is positive (respectively negative) and K[X(T),Y(T)] =
0, the optimizer tries to reach either boundary as soon (respectively as late) as possible.

If & =1 and we use the same parameters as in the first particular case considered above,
we must solve the non-homogeneous differential equation

1—2(H')?>+ (-1+4+10€)H' + 5€¢?H" =0, (34)
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Figure 3. Function H(w) when f = —(x + y) and (from left to right) € = 0.5, 0.25 and 0.2.
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Figure 4. Error obtained with H(w) when f = —(x + y) and € = 0.5, 0.25 and 0.2.
subject to the boundary conditions H(0) = 1 and H(2) = 2. We find that

S(w+1)+10€+1 S+10e+1 w+4 2 (2+6)
p —exp -2 —exp( > + exp( o2 (35)
€ € € €

2 (2+46) 4
exp —552 —exp ?

exp(

2
Hw) = 1+§W6+%W(5— 1)—5%ln

where

5 :=+100€2 — 20e + 9. (36)
The function H(w) is shown in Figure 5 for € = 0.5, 0.25 and 0.2.
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Figure 5. Function H(w) when f = —1 and 6 = 1 for (from left to right) € = 0.5, 0.25 and 0.2.

4. Concluding remarks

We considered the problem of optimally controlling a two-dimensional dynamical
system until it reaches either of two boundaries. The system was subject to random jumps
of fixed positive size, according to a Poisson process. As a generalization of this work, we
could assume that the jumps are of random size and could be positive or negative.

We were able to obtain explicit approximate solutions to particular problems by
making use of the method of similarity solutions. We saw that the error obtained by using
these approximate solutions was very small when the jump size is also small, as expected.
When this technique does not apply, we could at least try to solve the appropriate
differential equations numerically.

Finally, this type of optimal control problem, when the final time is a random
variable, could be considered for other important dynamical systems, for instance the
classic predator-prey model of Volterra and Lotka [7].
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