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1. INTRODUCTION

With higher order tensors (four, six, eight,
etc.) we meet in the study of relations between
stress and strain. In the case of reversible processes
constitutive equations are written in the form

d,d +c, d dy+.. (1)
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where - ¢,,d; are denoted stress strain tensors

respectively, and bY - ¢;,.s Ciiumpg s - the

elasticity constants tensors of the order of the
fourth, sixth and eighth.

From symmetry of stress, strain tensors and
the laws of thermodynamics, for tensors of elasticity
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constants resulting the following symmetry
relations
cijnm = Cjinm = Cijmn = Cnmij ! (2)
Cijnmpg = € jinmpg = Cijmnpg = Cijmngp = Cnmijpg =
= € pgnmij = Cijpgnm )
Cijnmqul =c Jinmpqkl = cijmnqul = Cijnmqpkl =
= Coinmpgtc = Comijpgkt = Ckinmpgij * 4)

Depending on the type of interactions
among atoms or molecules, the relations (2), (4) the
additional information can be added.

If, for example, interactions between atoms
or molecules are central (ionic bonding), the elastic
constant tensors of any order is totally symmetrical.
Recall that a tensor is totally symmetrical if it is
symmetric in relation to all pairs of indices. In the
case of the fourth order tensors the relation takes
place

¢ = Cinjm ' (5)
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The material symmetry which is expressed
guantitatively by the planes of symmetry and
symmetry axes of different order, leads to a
reduction in the number of independent constants of
elasticity.

2. MATRIX REPRESENTATION OF
FOURTH ORDER TENSOR

The experimental data for components of
elasticity constants tensors shown in the
crystallographic coordinate system, containing only
independent sizes.

Calculation of elastic constants in an arbitrary
coordinate system is simplified considerably if
higher order tensors are represented by composed
matrix [1]. The fourth order tensor can be presented
in the form of

Cium = (€5 ) um (6)

where - (c;;),,,, is a square composed matrix of the

nm

second order, each element of which is also a square
matrix, i.e.

€11 %12 C13 €11 %12 C13 €11 %12 €13
€1 G2 €3 €1 S €3 €1 2 €3
C C [ C C [ C [ C
31 %32 ©33);; \ %31 %32 C33), (%31 %32 %33,
€11 ®12 13 €11 ®12 13 €11 ®12 13
C:=|| %1 €2 %23 €1 €y Cp3 €1 €0 23
C C C C C C C C C
31 %32 %33 ), \ %1 %32 “33),, (%31 %32 %),
€11 12 ©13 €11 ®12 ©13 €11 %12 %13
o1 €y Co3 o1 €y Co3 o1 Cp 23
C C C C C C C C C
(%31 32 %3y (a1 %32 %3y (a1 %2 %3y
(7)

For the fourth order tensor which has the
symmetry properties (2) the components of
composed matrix are expressed only by 21
independent constants. The 21 independent
constants can be presented as a 21x1 column
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matrix, the elements which we will denote by a;,

where 1=1,2,...,21.
Thus, the tensor of elasticity constants must
be expressed as follows

4 8 4 4 8 8 43 dg dp
4 84 4 4 8 49 dg a3 a1y
43 85 3 4 g A1) |\ %12 34 95
4 3 34 8 8 A3 [ & A 3y
C=||3 3 3 8 %6 3417 | | %10 M7 %19
3 g 411 ) %13 17 %18 ) (14 %19 %20
43 83 45} (%% g Ay ) [ % 1 5
4 A3 414 | | 310 %7 %19 | | %11 %18 %20
(%12 %14 %15 ) (%14 %19 %20 ) P15 %20 %21)_|

®)
If the tensor is totally symmetrical relations
may occur

(g =dg,A7 =0dy,0d1; =dg,
Qg = Qyg, Qg3 = Ay, Agg = Ay )

In the case of orthotropic materials the
matrix of elasticity constants is expressed as

(a, 0 0 0 a, 0 0 0a,)]
0a 0 a, 00 0 0
0 0 a 000 )
0 a, 0 a, 0 0 0 0
C=| |a, 0 0| |0 ag 0 0 2
000/ (0 0 ag] (9239 0
0 0a,) (0 0 0 3, 0 0
000 | |20 3| |0a, 0
I a, 0 a9 0 0 0 3,
(10)

For materials with cubic symmetry (11).

The relationships between the stress and
strain in an arbitrary coordinate system in the linear
approximation is determined from the relation (12)

alOO 0a70 OOa7
0 a 0 a, 00 000
0 0a)looo) (3700
0 a, 0) (3 00 0
C:=[|a, 00 0a 0 a7
0 00/ (0 0a) (030

0 0 a 000 a, 0 0
ooo| |2023] 0a 0
a700 0a70 OOal

i Jay

3

3 3 3 3 3
din :ZZ zzZZ[njrnmrkquc(ij)lc]rkq ,(12)

k=1g=1| c=1 1=l m=1j=1

where 7;; the matrix of rotation is denoted which is

used to determine the position given by the
coordinates system to the crystallographic system.
Rotation matrix is obtained as a result of three
successive rotations and are calculated according to
the formula

1 0 0 cos(d,) 0 sin(8,)
r={0 cos(6) sin(6,) 0 1 0 X
0 —sin(@) cos(6,))\—sin(8,) 0 cos(6,)

cos(f3) sin(6;) O
x| —sin(@;) cos(@;) 0| (13)
0 0 1

were @,,8,,6; - are Euler angles.

3. AMATRIX REPRESENTATION OF
SIX ORDER TENSOR

In case of nonlinear relations between stress
and strain the six and eight order tensors are
intervened, and these tensors can be presented by
composed matrix. In base of symmetric relations
(2)-(4) is posible to pass from two indexs notations
to one index after Viogt [2] convention
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11~1,22~2,33~3,23~413~512~6.

Adopting this convention, we will write
Cijnm =Cxum s cijmnrs = Cxmr

Cijmnrskq = CxmFL

where the small letters have the values 1,2,3, but big
1,2,...,6. In plus, the symmetric relations (1) — (3)
give

Cxm =Cmkr Cxmr = Cukr = Crmk = CkFM

CxmrL = CmkrL = Ckmir = Cmkrr = CLrkm =
=Crrmk = CrLkm = Crimk = CrkLM T

Matrixes Cxar Cxmr ' CRMFL don’t

represent the tensor in obtained meaning. Therefore,
in rule of components transformation at rotation of
reference system doesn’t directly given the rotation
matrix .

It can be demonstrated, that for these matrixes
can be used the known rules of components
transformation, so

! —_—
Cxm =Ry Ryycyy
4 —_—
Cxmr = Rig Ry RerCior

4 —
Cxmrr = Ry Ry Rer Ry Crory »

were KM,...,.U=12,...,6. R matrix is
presented [3]
Hom kg hdia hidis
BBy Th By I Iz
R TR e i Bt
2oty Uy gy dathdyn Teluthi Talethiu
gy gy iy Rlis TR, Bduthfis Bl thdu
Zign Uity iy hdnthidn hdnthifn e thid

(14)

The matrix (C, ),y We can present

2 7T 8 9 710 11

3 '8 712 713 "14 "15

4 79 13 "16 "17 18

5 710 714 17 719 20

6 711 “15 "18 "20 21

€y €7 Cg C9 Cqg Cqy

€7 €22 C23 24 25 C26
8 23 €7 C28 C29 C30
9 C27 28 %31 %32 C33
32 C34 C35
11 %16 %30 33 C35 36
3 % 12 %13 C14 C15
8 C23 %27 28 C29 30
12 ©13 %37 38 C39 C40
13 ©28 C38 €41 a2 43
14 %29 39 42 44 C45
15 %30 a0 43 Ca5 Cs6
4 % 13 ®16 C17 C18
9 C24 28 %31 C32 C33
13 28 C38 €41 a2 43
16 %31 Ca1 47 Cag Ca9
17 %32 %42 S8 Cso st
18 %33 43 C49 Cs1 s
5 10 14 %17 C19 20
10 ©25 C29 €32 C34 35
42 a4 S5
17 %32 Ca4 S48 Cso st
19 ®34 %44 ®s0 53 Cs4
20 ©35 45 Cs1 %54 Css
6 11 ©15 %18 20 ‘21
11 %26 %30 33 C35 C36
15 %30 Ca0 %43 Ca5 46
18 %35 %43 C49 Cs1 s

€20 €35 €5 %51 54 Cos

€21 €36 C46 %52 Cs5 Cse

So, the tensor of elastic constants of fourth
order is expressed by 21 independent components,
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but six order tensor by 56. These 56 components are
presented by column matrix with 56x1 dimensions.
The number of independent constants of
elasticity is reduced, if materials have and other
elements of symmetry. For materials with cubic
symmetry the number of elasticity constants of
stress tensor of six order is decreased up to Six.
The only non-zero constants of elasticity
tensor of six order are
¢ =Cyy =y = Copp =37 = Cygg,
C=Clp=0c3=C3=0; =Cpp =Cp3 =Cpp3 =
Cip =Cla =Cp =Cogs,
Cg = Cipz, G5y = Cugy 15 = Cryg = €3y = Cos =
C46 = Caes:
Crg = Cigs = €5 = Cigg = €3 = Coyy = C35 = Co5 =
Ca1 = Capy =Cgy =Cyys-
Therefore, the elastic behavior of material of
cubic symmetry in approximation

t) =C\ndy +(C Inmdndpm

q a, a a a3 a
Qg g A7 3 Qg
Ay Ay 5 aq

C=
Q9 Q14 o
a;p ag
ay

is described by 9 independent constants; 3
components by forth order tensor a,,a,,a, and six

independent components of six order tensor
€11€2,Cg1C161 €191 Coy -
In case of isotropic material, among

independent constants of forth order tensor the
relationship takes place

a —
2

but for elasticity constants of six order tensor tree
more relations are obtained

a, =

1 1
Ci6 ZE(Cz —¢Cg), Cig ZZ(Cl_Cz)

1
Cs1 =§(c1 —3c, +2¢).

Therefore, the governing equations of second
order in case of isotropic materials are expressed
from only 5 independent constants.

If interaction among atoms is central, than the
following relations exist

9

a:a = —

7 4 )

3
Tc, —c
. o_., =g
Cg =C5 =Cs1 T

so, in case of one isotropic material with central
interactions, the governing equations of second
order are expressed only by tree independent
constants.

In case of governing equations of third
order may appear the eight order tensors. These
tensors are expressed by square matrix of six order,
each element represents the six order matrix.

CONCLUSIONS

The possibility of matrix presentation of
higher order tensors essentially simplifies the
mathematical modeling of nonlinear behavior of
anisotropic materials. It was found that the
constitutive equations of the second order in the
general case of anisotropy are expressed by 77
independent elastic constants.

For cubic symmetry materials the number
of independent constants of elasticity is reduced up
to 9, (3 independent elastic constants for forth order
tensor and 6 independent constants for six order
tensor). In case of isotropic materials the number of
independent constants of elasticity is reduced up to
5, if interaction between atoms is central, than
number of independent constants is reduced up to 3.
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